Abstract-The pairwise-error probability upper bounds of space-time codes (STCs) in independent Rician fading channels are derived in this letter. Based on the performance analysis, novel code design criteria for slow and fast Rayleigh fading channels are developed. It is found that in fading channels, STC design criterion depends on the value of the possible diversity gain of the system. In slow fading channels, when the diversity gain is smaller than four, the code error performance is dominated by the minimum rank and the minimum determinant of the codeword distance matrix. However, when the diversity gain is larger than or equal to four, the performance is dominated by the minimum squared Euclidean distance. Based on the proposed design criteria, new codes are designed and evaluated by simulation.
I. INTRODUCTION
S PACE-TIME coding is a powerful technique to improve the error performance of wireless communications systems by using multiple transmit antennas. In the first performance investigation of the space-time trellis codes (STTCs) [1] , analytical bounds and design criteria were proposed for slow and fast fading channels. It was pointed out that in slow fading channels, the critical parameters are the rank and determinant of the codeword distance matrix, while in fast fading channels, the important parameters are the symbol-wise Hamming distance and the product distance. Based on these criteria, new 4-and 8-phase-shift keying (PSK) STTCs have been reported in [2] - [7] for slow fading channels, and in [8] for fast fading channels.
In this letter, we develop a more detailed performance evaluation for space-time codes (STCs) by deriving analytical bounds. It is observed that in fading channels, the code construction criterion depends on the value of the possible diversity gain of the system. In slow fading channels, when the diversity gain is small, the rank and determinant criteria are valid for code design. On the other hand, when the diversity gain is reasonably large, the trace of the codeword distance matrix, or, equivalently, the minimum squared Euclidean distance, will be the dominant parameter for the code performance. New STTCs are designed based on the proposed design criteria and evaluated by simulation.
II. SYSTEM MODEL
We consider a baseband mobile communication system with transmit and receive antennas. The information data are encoded by a space-time encoder, which generates parallel data sequences. At each time instant , the parallel outputs are simultaneously transmitted by antennas, whereby symbol , , is transmitted by antenna . At time instant , the received signal at antenna , , is given by (1) where is the energy per symbol at each transmit antenna and is the additive white Gaussian noise (AWGN) at receive antenna at time , which has a zero mean and power spectral density . The coefficient is the fading coefficient between transmit antenna and receive antenna at time .
It is assumed that the fading coefficients are independent complex Gaussian random variables with mean and variance 1/2 per dimension. In this letter, we consider both slow and fast fading. For slow fading, it is assumed that the fading coefficients are constant during a frame and vary from one frame to another. In a fast fading channel, the fading coefficients are constant within each symbol period and vary from one symbol to another.
III. PERFORMANCE ANALYSIS
Assume that a codeword , given by was transmitted, where is the frame length. A maximum-likelihood (ML) receiver might decide erroneously in favor of another codeword Assuming that ideal channel state information (CSI) is available at the receiver, the conditional pairwise-error probability (PEP) is given by [1] (2) where is the channel matrix and . [1] . In order to get an upper bound on the unconditional PEP, we need to average (4) with respect to independent Rician distribution of . Let denote the rank of matrix . In this analysis, we will distinguish two cases, depending on the value of .
1) PEP Upper Bound for Large Values of
: Since follows a Rician distribution, has a noncentral chi-squared distribution with two degrees of freedom (DOFs) and noncentrality parameter . The mean value and the variance of the noncentral chi-square-distributed random variables are given by
respectively. On the right-hand side (RHS) of inequality (4), there are independent chi-square-distributed random variables. For a large value of , which corresponds to a large number of independent subchannels, according to the general central limit theorem [9] for independent random variables with unequal distributions, the expression (7) approaches a Gaussian random variable with mean and variance . The PEP can then be upper bounded by (8) where is the probability density function (pdf) of the Gaussian random variable . Using (9) the upper bound in (8) can be further expressed as (10) Let us now consider the special case for Rayleigh fading, in which and thus, . The PEP can be written as
2) PEP Upper Bound for Small Values of :
When the number of independent subchannels is small, the Gaussian assumption is no longer valid and the PEP can be obtained by averaging (4) over term by term. The PEP is then given by [1] (12) In the case of Rayleigh fading, the PEP at high signal-to-noise ratios (SNRs) can be simplified as [1] (13) where are the nonzero eigenvalues of matrix . Note that the results (12) and (13) are the same as in [1] , where is called the diversity gain and is called the coding gain.
B. Error Probability in Fast Fading Channels
The analysis for slow fading channels in the previous section can be directly applied to fast fading channels.
At each time , we define a space-time symbol difference vector as (14) and an matrix .
If
, matrix has only one nonzero eigenvalue, and the other eigenvalues are zero. Let be the nonzero eigenvalue of . The eigenvector of corresponding to the nonzero eigenvalue is denoted by . 
2) PEP Upper Bound for Small
: When the value of is small, the central limit theorem does not apply and the PEP can be obtained by averaging (15) over term by term. The PEP upper bound becomes [1] (23) For a special case where are Rayleigh distributed, the upper bound of the PEP at high SNRs becomes [1] ( 24) where is the product of the squared Euclidean distances between the two space-time symbol sequences and is given by (25) The PEP bound (24) shows that it is possible to achieve a diversity gain of and a coding gain of in fast Rayleigh fading channels [1] .
IV. STC DESIGN CRITERIA

A. Design Criteria for Slow Rayleigh Fading Channels
As the error performance upper bounds (11) and (13) indicate, the design criteria for slow Rayleigh fading channels will depend on the value of . The maximum possible value of is . For small values of , corresponding to a small number of independent subchannels, the error probability is dominated by the minimum rank of matrix over all possible codeword pairs. The product of the minimum rank and the number of receive antennas, , is called the minimum diversity. In addition, in order to minimize the error probability, the minimum product of the nonzero eigenvalues of matrix along the pairs of codewords with the minimum rank should be maximized. Therefore, if the value of is small, the STC design criteria for slow Rayleigh fading channels can be summarized as follows [1] .
Design Criteria Set 1: 1) Maximize the minimum rank of matrix over all pairs of distinct codewords. 2) Maximize the minimum product of matrix along the pairs of distinct codewords with the minimum rank. This set of design criteria is referred to as the rank and determinant criteria.
For large values of corresponding to a large number of independent subchannels, the PEP is upper bounded by (11) . In order to get an insight into the code design for systems of practical interest, we assume that the STC operates at a reasonably high SNR, which corresponds to (26) Note that the value of is usually small. For example, its value for the four-state 4-PSK STTCs in [1] , [2] , and [10] is 0.5, 0.19, and 0.11, respectively.
The bound (11) can be further approximated by (27) From (27), it can be seen that in order to minimize the error probability, the minimum of the sum of all eigenvalues of matrix among all the pairs of distinct codewords should be maximized. For a square matrix, the sum of all the eigenvalues is equal to the sum of all the elements on the main diagonal, or the trace of matrix . It can be expressed as
where are the elements on the main diagonal of matrix . The trace of matrix can be expressed as
Equation (29) indicates that the trace of matrix is equivalent to the squared Euclidean distance between the pair of codewords and . In other words, the PEP is minimized if the Euclidean distance is maximized. This design criterion is referred to as the trace criterion.
It should be pointed out that (27) is valid for a large number of independent subchannels under the condition that the minimum value of is high. In this case, the STC design criteria for slow fading channels can be summarized as follows.
Design Criteria Set 2: 1) Make sure that the minimum rank of matrix over all pairs of distinct codewords is large enough, such that . 2) Maximize the minimum trace of matrix among all pairs of distinct codewords. It is important to note that this design is consistent with the trellis-code design in fading channels with a large number of diversity branches. A large number of diversity branches reduces the effect of fading and consequently, the channel approaches an AWGN model [11] . Therefore, the trellis-code design criteria for AWGN channels apply to fading channels with a large number of diversity. In a similar way, in STC design, when the number of independent subchannels is large, the channel converges to an AWGN channel. Thus, the code design is the same as that for AWGN channels.
The boundary value of between the two design criteria sets was chosen to be four. This boundary is determined by the required number of random variables in (7) to satisfy the central limit theorem. In general, for random variables with smooth pdfs, the central limit theorem can be applied if the number of random variables in the sum is larger than four [9] . In the application of the central limit theorem in (7), the choice of four as the boundary has been further justified by the code design and performance simulation, as it was found that as long as , the best codes based on the trace criterion outperform the best codes based on the rank and determinant criteria [10] .
B. Design Criteria for Fast Rayleigh Fading Channels
As the error performance upper bounds (20) and (24) indicate, the code design criteria for fast Rayleigh fading channels will depend on the value of . For small values of , the error probability is dominated by the minimum space-time symbol-wise Hamming distance over all distinct codeword pairs. In addition, in order to minimize the error probability, the minimum product distance, , along the path of the pairs of codewords with the minimum symbol-wise Hamming distance should be maximized. Therefore, if the value of is small, the STC design criteria for fast fading channels can be summarized as follows [1] .
Design Criteria Set 3: 1) Maximize the minimum space-time symbol-wise Hamming distance between all pairs of distinct codewords. 2) Maximize the minimum product distance, , along the path with the minimum symbol-wise Hamming distance . For large values of , the PEP is upper bounded by (20). As before, we assume that the STC works at a reasonably high SNR, which corresponds to . To minimize the error probability in fading channels, the codes should satisfy the following.
Design Criteria Set 4: 1) Make sure that the product of the minimum space-time symbol-wise Hamming distance and the number of receive antennas, , is large . 2) Maximize the minimum Euclidean distance between all pairs of distinct codewords. It is interesting to note that this set of design criteria is the same as the trace criterion for STC in slow fading channels if the value of is large. It is also consistent with the design criteria for trellis-coded modulation in fading channels if the effective code length or the symbol-wise Hamming distance is large [12] .
Based on the previous discussion, we can conclude that code design in fading channels depends on the possible diversity gain of the STC system. For codes on slow fading channels, the total diversity is the product of the receive diversity, , and the transmit diversity provided by the coding scheme, . On the other hand, for codes on fast fading channels, the total diversity is the product of the receive diversity, , and the time diversity achieved by the coding scheme,
. If the total diversity is small, in the code design for slow fading channels, one should attempt to maximize the diversity and the coding gain by choosing a code with the largest minimum rank and the determinant; while for fast fading channels, one should attempt to choose a code with the largest minimum symbol-wise Hamming distance and the product distance. However, when the total diversity is getting larger, increasing the diversity gain cannot achieve a substantial performance improvement. Since a large diversity drives the fading channel toward an AWGN channel [12] , the error probability is dominated by the minimum Euclidean distance. Thus, the code design criterion for AWGN channels, which is maximizing the minimum Euclidean distance, is valid for both slow and fast fading channels, provided that the total diversity is large.
C. Example
To illustrate the design criteria, we compare three four-state 4-PSK STTCs for two transmit antennas. The trellis diagrams of the three STTCs are shown in Fig. 1 , together with the corresponding minimum rank, determinant, and trace. The frameerror rate (FER) performance in slow Rayleigh fading channels is obtained by simulation and shown in Fig. 2 . The frame length is . Fig. 2 , it can be observed that Codes A and B outperform Code C for a single receive antenna. When the number of independent subchannels is small, the minimum rank of the code dominates the code performance. Since both Codes A and B are of full rank and Code C is not, Codes A and B achieve a better performance relative to Code C.
However, for four receieve antennas, Code C outperforms Code A by 1.3 dB at a FER of , although Code C does not have a full rank. This is because when the diversity gain is large, the performance is determined by the code minimum trace. Code C has a much larger minimum trace value. In addition, it is observed that Code B is about 0.8 dB better than Code C at a FER of , although they have the same minimum trace. This is due to the fact that Code B is of full rank and Code C is not. Therefore, Code B can achieve a larger diversity.
From this example, it is obvious that in the code design for slow fading channels with a large number of independent subchannels, we should first choose the code with a large minimum trace. Among the codes with the same minimum trace, we choose a code with a largest minimum rank. This is consistent with the previous performance analysis and code design criteria.
D. Code Design
Tables I and II [4] present some 8-PSK STTCs for two transmit antennas, based on the trace criterion and the rank and determinant criteria, respectively. In the table, denotes the number of states, is the generator matrix of STTC defined in [2] , denotes the minimum rank, det denotes the minimum determinant, and denotes the minimum squared Euclidean distance. Compared with the corresponding Tarokh-Seshadri-Calderbank (TSC) codes in [1] , the STTCs in Table I have larger but smaller det, except for the eight-state codes, for which both have the same det value. Fig. 3 shows the performance of the eight-state 8-PSK codes. The new code, presented in Table I , is superior to the TSC code by 0.6, 1.2, and 1.7 dB for two, three, and four receive antennas, respectively. When one receive antenna is employed, the new and the TSC codes have approximately the same performance. This clearly substantiates the design criteria proposed.
More STTCs, based on the trace criterion for slow fading channels, are designed by computer search in [3] - [5] and [13] - [15] .
V. CONCLUSION
We presented new performance bounds and new design criteria for STTCs in both slow and fast fading channels. In order to obtain good performance in slow fading channels, codes should be designed to maximize the minimum trace of the codeword distance matrices or maximize the minimum squared Euclidean distance of the code for systems with diversity gain larger than or equal to four. Several codes based on the new design criteria are also presented.
